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1. Introduction. We adopt standard notation N for the set of positive integers, No := N U {0}, 
R will stand for reals and R+ for nonnegative reals. The gamma function T(x) was introduced by 
Leonard Euler who also demonstrated that its second logarithmic derivative is positive for positive 
values of x. In modern language this means that T(x) is logarithmically convex (i.e. its logarithm 
is a convex function). A sum of log-convex functions can be shown to be log-convex using Holder 
inequality or a theorem of Montel \21\ Theorem 1.4.5.2]. Additivity implies then that the (finite 
or infinite) sum /(//; x) := ]P /fcT( / u + k)x k is logarithmically convex function of /i for fixed x > 
once the coefficients are assumed to be nonnegative. It is not difficult to see that much more 
is true [T71 Theorem 2]: the formal power series /(//; x)f{pL + a + (3; x) — f(fi + a; x)f({i + (3; x) 
has nonnegative coefficients at all powers of x if a, /3 > 0. In [14] we considered a similar problem 
for the series g(n;x) := ^gki^il 1 + k)}~ 1 x k . Here each term is log-concave function of /i, so 
that lack of additivity of logarithmic concavity does not allow to draw any immediate conclusion 
about the sum. We have demonstrated, however, that the sequence {g(/j,; x)}^^ is log-concave 
for fixed x > if the sequence of coefficients {g^lfceN is log-concave. Moreover, in this case 
g(n; x)g(fi + a + j3;x) — g(fi + a; x)g(fi + /3; x) has nonnegative coefficients at all powers of x if 
a, /3 £ N. The two sums above can be generalized naturally to series in product ratios of gamma 
function having the form ([3|) below. Several known questions in financial mathematics [5l [6], 
multidimensional statistics [30], probability [24] and special functions [3JIU[12] reduce to or depend 
on log-convexity or log-concavity of special cases of such generalized series. Similar coefficient- wise 
positivity of product differences is also important in combinatorics. The following definition is 
attributed to Richard Stanley [281 P-795]. A sequence of polynomials {P m (x)}m>o is said to be 
(/-log-concave if 

Pm{x) 2 - P m +l(x)P m ~l(x) 
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is a polynomial with nonnegative coefficients for any m > 1. It is strongly q- log-concave if 

is a polynomial with nonnegative coefficients for all m > n > 1. The latter notion was introduced 
by Sagan [28] . Many sequences of combinatorial polynomials especially those related to g-calculus 
possess these properties (see [SJ [28] for details and references). We will need extensions of these 
notions to families of formal power series. To be consistent with the standard definitions of log- 
concavity and Wright log-concavity |22[ Chapter 1.4], [26 \ Section 1.1] and to make our formulations 
more compact, we found it reasonable to change the combinatorial terminology slightly. Suppose 

<x> 

f(v-x) = Y J fk{v)x k (1) 

is a formal power series with nonnegative coefficients which depend continuously on a nonnegative 
parameter /i. 

Definition. The family {f([i; x)}^>o is Wright g-log-concave if formal power series 

<Pfi(u,f3; x) := f(fi + a; x)f(ji + f3; x) - f(p; x)f(fi + a + /3;x) (2) 

has nonnegative coefficients at all powers of x for all [i,a,(3 > 0. If this property only holds for 
a E N and all /i,/3 > we will say that {f (n', x)} ^>q is discrete Wright g-log-concave. Finally, 
{/(^;x)}^>o is discrete g-log-concave if </>^(a, (3; x) has nonnegative coefficients at all powers of 
x for a € N, P > a — 1 and all fi > 0. 

If each function / : M + — > R + is associated with the family of formal power series {/(^; x)}^>o 
with constant term fo = and zero coefficients at all positive powers of x, the above definitions 
become consistent with the following standard terminology: fi — > f(n) is called Wright log-concave 
on R + if /(/i + a)f((j, + 0) > f(fJ,)f(fJ. + a + /3) for all (j,,a,/3>0 [22, Chapter 1.4], [26j Definition 
1.13]; it is discrete Wright log-concave on M + if the above inequality holds for a £ N and all fx, f3 > 
and discrete log-concave if it holds for a € N, j3 > a — 1 and ^ > [14]. For continuous functions 
Wright log-concavity is equivalent to log-concavity (i.e. concavity of the logarithm). Discrete 
Wright log-concavity implies discrete log-concavity but not vice versa (see details in [2]). All above 
definitions also apply if we substitute " concave" by " convex" , " non-negative" by " non-positive" and 
reverse the sign of all inequalities. In the theory of special functions discrete log-concavity and log- 
convexity are also frequently referred to as "Turan type inequalities" following the classical result 
of Paul Turan for Legendre polynomials [51] : [P n (x)] 2 > P n -i(x)P n+ \(x), — 1 < x < 1. Note, 
however, that the sequence {P n (x)}n>o is not g-log-concave. General Wright convex functions 
attracted a lot of attention recently (see, for instance, |11[ [T8] and references therein) following a 
fundamental result of Ng [23] . 

If / : No — > M+ is a sequence, then discrete log-concavity reduces to inequality /| > fk-ifk+i, 
k G N. We will additionally require that the sequence {fk}^L is non-trivial and has no internal 
zeros, i.e. /tv = implies either /n+i = for all i E No or fN-i = for % = 0, 1, . . . , N. Such 
sequences are also known as PF2 (Polya frequency sub two) or doubly positive [13] . Clearly, if / 
is (Wright) log-concave then 1/f is (Wright) log-convex. Notwithstanding the simplicity of this 
relation, several important properties of log-concavity and log-convexity differ. As we already 
mentioned above, log-convexity is preserved under addition while log-concavity is not. Further, 
log-convexity is a stronger property than convexity whereas log-concavity is weaker than concavity. 
Further properties of log-convex and log-concave functions can be found, for instance, in |19[ 3E, 
16D, 18B], [21 Chapter 2] and [261 Chapter 13]. 



2 



The questions considered in [14|. [T7] and in this paper are particular cases of the following 
general problem: under what conditions on a nonnegative sequence {fk} and the numbers aj, bj 
the series 

/to*)=f> "Hy, fa+M+gifc) M ^ (3) 

n,=i r (^+^+ e "+^) 

is (discrete, Wright) q-log-concave or q-log-convex? Here e r can take values 1 or 0. In particular, 
if the ratio fk+i/fk is a rational function of k the series in © is hypergeometric (possibly times 
some gamma functions) and fi represents parameter shift [21 Chapter 2]. 

In [17] the authors treated the cases of ([3]) with n = 1, m = 0, ei = 1; n = m = 1, £\ = 1, 
£2 = 0, ai = 6i; and n = m = 1, ei = 0, £2 = 1, «i = b\. In [T4] we handled n = 0, m = 1, £1 = 1. 
In this paper we treat the following cases: 

(a) n = m = 2, e\ = 1, £ 2 = 0, £3 = 0, £4 = 1, a\ = b\, a 2 = b 2 ; 

(b) n = m = 1, £1 = 1, £2 = 1; 

(c) n = 2, m = 1, £1 = 1, £ 2 = 0, £3 = 1, a 2 = h; 

(d) n = 1, m = 2, e\ = 1, £2 = 0, £3 = 1, a\ = b±. 

For small values of n and m considered in (a)-(d) it is easy to determine the conditions for each 
term in ([3]) to be log-convex. By additivity we can then assert the log-convexity of fx — > f(fi;x) 
for fixed x > 0, but not ^-log-convexity of any type, i.e. non-positivity of the Taylor coefficients of 
cpfj,(a, P;x) defined by (J2J). If the terms in ([3]) are log-concave even the verification of log-concavity 
of fi — > /(/it; x) for fixed x > becomes non-trivial. In this paper we verify Wright q- log-convexity 
and discrete g-log-concavity for the family of power series defined in ([3]) under restrictions (a)-(d). 
Our results will imply then that either x — > 4>n(a, [3; x) or x — > — M (a, /3; x) is absolutely monotonia 
According to Hardy, Littlewood and Polya theorem [24, Proposition 2.3.3] absolute monotonicity 
of x — > (f>fj,(a, /3;x) implies that this function is multiplicatively convex: 

<t>p{a,P;3*y x - x ) < M (a, /3; x) x ^(a,(3; y) 1 ^ 

for A € [0, 1]. Curiously, this inequality leads to interesting results even when applied to the simplest 
function 1 + x 2 . We have 

l + x 2A y 2(l-A)< (1+x2) A (1+y2) l-A and 1 + a .2(l-A) I/ A< (1 + a .2 ) l-A (1 + I/ 2 ) A_ 

Multiplying these inequalities and simplifying we obtain 

(xV- A ) 2 + (^-V) 2 <x 2 + y 2 , 

which is equivalent to inequality 

M 2 (G x (x,y),G 1 _ x (x,y)) <M 2 (x,y), x,y>0, < A < 1, 



where M 2 (a,b) = \J (a 2 + b 2 )/2 is quadratic mean, G\(a,b) = a A & 1-A is weighted geometric mean. 

The paper is organized as follows: in section 2 we collect several lemmas repeatedly used in the 
proofs; section 3 comprises six theorems constituting the main content of the paper; in section 4 
we present several applications and relate them to some known results. 

2. Preliminaries. We will need several lemmas which we prove in this section. 

Lemma 1 Suppose {/(//; x)}^>o and {g(fj>; x)}^>o are (discrete, Wright) q-log- concave. Then 
{f(fj,;x)g(fj,;x)} ti >o * s (discrete, Wright) q-log- concave. 
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Remark. Lemma [I] holds, in particular, if yu — > g(fi) is a log-concave function independent of x. 
Proof. We have 



/(/j + a; x)g(fi + a; x)/(/j + /3; x)g(n + /3; x) - f(fi; x)g(n; x)f(fi + a + f3; x)g(fj, + a + /3; x) = 
fif(/i + a; sc)g(/x + /3; x)(f(n + a; x)/(/j + /3; x) - /(/i; x)/(/i + a + P; x)) 

+ /(/•*! ^/(^ + a + /3; x)(p(/x + a; x)c?(/j + /3; x) - g>(/i; x)g(fi + a + /3; x)). 

This formula implies the claim of the lemma. □ 

Lemma 2 Let f be a nonnegative-valued function defined on . Suppose 

^(a, /?) := /(/j + a)f(jj, + P) - f(ji)f(ji + /3 + a) > for a = 1 and all /i, P > 0. 

TTien <j>a{oL,P) > /or a// a € N and > 0, i.e. /i — > /(/i) is discrete Wright log-concave on R+. 

Proof. According to assumptions of the lemma written for the pairs {/i, /?}, {/j + 1, (3}, {/j, /3 + 1} 
and a = 1 we have 

ffa + + /?) > + /3 + 1), (4) 

f{n + 2) f(ji + + 1) > + l)/(/i + p + 2), (5) 
/( M + l)/( / a + /3 + l)>/( M )/( M + /3 + 2). (6) 

A product of (jH) and ([5]) reads 

/(/x + + /? + lX/Ou + /3)/(/i + 2) - + /? + 2)) > 0. 

This implies either /(/j + /3)/(/i + 2) > + /3 + 2) which is our claim for a = 2 or /(/j + 

+ /3 + 1) = which implies + /3 + 2) =0 according to ©, so that again f(fi + 

/3)/(/i + 2) > f(fj,)f(/j, + /3 + 2). Hence, we have demonstrated that 0^(2, /3) > 0. In a similar 
fashion <^(a, /3) > holds for all a G N and /x, /3 > 0. □ 

In the above Lemma the function / may or may not be defined by the series ([I]) - we have not 
made any use of the special series structure in the proof. In the next lemma we deal with Wright 
o-log-concavity and the series definition becomes important. 

Lemma 3 Let the series f be defined by (pQ) and suppose 

<^(1, P; x) := /(/i + 1; x)f(ji + P\x)- /(m; x)f(ji + P + l;x) 

has nonnegative coefficients at powers of x for and all /i, /3 > 0. Then <^(a,/3;x) has nonnegative 
coefficients at powers of x for all a E N, P > a — 1 and fj, > 0. 

Proof. Define 

V>„,x(a> &) := /(>; xf - f(v - a; x)f(v + 6; x). 
By assumptions of the lemma the difference 

ipu,x(a, b) - ip UtX (a - 1, b - 1) = f(v - a + l;x)f(u + b - 1; x) - f(u - a; x)f(u + b; x) 

M "= ° f(v + 1; x)f(fi + a + b - 1; x) - /(/i; x)/(/j + a + 6; x) 
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has nonnegative power series coefficients when v > a, a + b — 1 > 0. Further, for a positive integer 
k 

fifi+k; x)f(fj,+P; x) -/(//; x)f{n+P + k; x) = f(u-a+k; x)f(u+b-k; x)-f(u-a; x)f(u + b; x) 

= ip u<x (a, b) - ip v>x {a - k,b- k) = (ip v>x (a, b) - ip u>x (a -1,6- 1))+ 
{i>v,x{a> ~ 1, b - 1) - ip v ,x(a — 2, 6 — 2)) H h (ip V)X (a - k + l,b - k + 1) - ip UtX (a - k,b- k)), 

where n = v — a, + (3 = v + b — k. We must require v>a, a + b — 1 > for the first parentheses 
to have nonnegative power series coefficients, u > a — 1, a + b — 3 > for the second parentheses 
to have nonnegative power series coefficients, and so on up to v > a — k + 1, a + b — 2k + 1 > 0. 
These inequalities reduce to \x > and (3 > k — 1. □ 

The next lemma is implied by a much stronger result of Alzer [TJ Theorem 10]. 

Lemma 4 Suppose < min(ai,a2) < min^i,^) a^rf «i + «2 < /?i + fii- Then the function 

T(x + ai)r(x + a 2 ) 

X ^ r(x + /3i)r(x + /3 2 ) 

is strictly monotone decreasing on (0, oo), except when the sets {«i,a2} and {/Si, ^2} are equal. 
Next, we formulate an elementary inequality we will repeatedly use below. 

Lemma 5 Suppose u,v,r,s > 0, u = max(it, v, r, s) and uv > rs. Then u + v > r + s. 

Lemma [5] is a particular case of a much more general result on logarithmic majorization - see 
[l9l 2.A.b]. See also [HI Lemma 1] for a direct proof. 

In the next lemma we say that a sequence has no more than one change of sign if it has the 
pattern ( • • • 00 • • • 00 + + • • • + +), where zeros and minus signs may be missing. 

Lemma 6 Suppose {/fc}J? =0 has no internal zeros and /| > fk-ifk+i, k = 1, 2, . . . , n — 1. If 
the real sequence Aq,A%, . . . , -A[ n /2] satisfying Auw > and ^ A/- > has no more than one 

0<fc<n/2 

change of sign, then 

fkfn-kA k > 0. (7) 

0<k<n/2 

Equality is only attained if fk = foCt k , a > 0, and ^ Ak = 0. 

0<fc<n/2 

A proof of this lemma is found in |14t Lemma 2] . 

The generalized hyper geometric function is defined by the series 



7? 



A 
D 



z) = p F q (A;B;z) := ^ 

' n=0 ^ 1 



(a i)n(a2)n ■ ■ ■ (a P ) n 
)n(h)n ■ ■ ■ (bg) n n\ 



(8) 



where we write A = (ai, a 2 , • • • , a p ), B = (bi, b%, . . . , b q ) for brevity and (a)o = 1, (a) n = o,{a + 
1) • • • (a + n — 1), n > 1, denotes the rising factorial. The series © converges in the entire complex 
plane if p < q and in the unit disk if p = q + 1. In the latter case its sum can be extended 
analytically to the whole complex plane cut along the ray [1, 00) [2, Chapter 2]. The series ([5]) is a 
particular case of ((3|) because (a)k = T(a + k)/T(a). 

The next identity for the Kummer function iiq is believed to be new and may be of independent 
interest. 
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Lemma 7 The Kummer function X F X satisfies the following identity: 
x F x (a + fi; c + \i\ x) x F x (a + 1; c + 1; x) - x F x {a + fi + 1; c + \x + l;x)i_Fi(a; c;x) 

= ( IW^T , n [( c + + ^ + l)i-Fi(o + 1; c + 2; x)iFi(a + ^ + 1; c + /i + 1; x) 
c(c + l)(c + m)( c + A* + 1) 

-c(c + l)iFi(a + 1; c + 1; x)iFi(a + /x + 1; c + yu + 2; x)] . (9) 

Proof. Apply the easily verifiable contiguous relations 

cix 

x F x (a;c;x) = x F x (a;c + l;x) + + x F x (a + l;c + 2;x), 

— 0, )x 

iFi(a + m;c+ /u;x) = x F x (a + fj,+ l;c + fi + l;x) - - — ■ — -; — ■ — - x F x (a + fj, + 1; c + fj, + 2; x) 

(c + //)(c + fi+ 1) 

and 

iFi(a + l;c+ l;x) = x F x (a; c + 1; a) + iFi(a + 1; c + 2; x) 

c + 1 

to the corresponding functions on the left hand side of ([9]) . Expanding and collecting similar terms 
we can then rewrite the left-hand side of as 

" ] '' [(c + n)(c + n + l) x F x (a + l;c + 2;x) x F x (a + fj, + l;c + n + l;x) 



c(c+l)(c + n)(c + fi + l) 

-c((c + l)iFi(o; c + 1; x) + x x F x (a + 1; c + 2; x))iFi(a + ^ + 1; c + ^ + 2;x)] 

Finally, applying here the contiguous relation 

(c + l) X F x (a; c + 1; x) + xiFi(a + 1; c + 2; x) = (c + l) X F x (a + 1; c + 1; x), 

yields the right hand-side of Q. □ 

The next lemma has been proved using some ideas borrowed from [7J. 



^ (a)k(a + M)m-fc ( m\ , . , , 



Lemma 8 XTie inequality 

i 

/io/ds /or eac/i integer m > 1 and all fi >0 if b > a > or a > 6 > 1 . 
Proof. Denote 

_ (a)fc(a + /x) m -fc 

If a = 6 or a = the claim is obvious. Suppose first that b > a > 0. Then x — > (o + x)/(6 + x) 
increasing so that for k < m — k 

(a + (j, + k) ■ ■ ■ (a + n + m — k — 1) (a + k) ■ ■ ■ (a + m — k — 1) 
u k >u m . k , since (fe - - - fc) - - - (fc - - - - _ - _ ^ > (ft - ^ ■ ■ ■ ^ - - _ - _ ^ . 

It follows that 

/ 77Z \ ( TYl \ ( 77b\ 

[ \u k (m-2k + n)+l _ k ju m - k (2k-m + fi) = f J [(m-2fc)(u fc -u m _ fc ) + ^(/Ufc + u m _fc)] > 
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for each k < m — k which proves the lemma for all 6 > a > 0. If a > b > 1 things become more 
complicated. In this case we will apply Abel's lemma (summation by parts) in the form [7] 

m m 

^("fc+i - OL k )f3 k = ^2 a k+1 ([3 k - f3 k+1 ) + a m+ iP m+1 - a (3 . 

k=0 k=0 

Gosper's algorithm [9], \17\ Chapter 5] produces the following antidifference which is easy to verify 
directly: 

/ , . v , (b-l)(b-l + n)(a) k (a + n) m+1 _ k , 

u k (m-2k + n) = a k+ i-a k , where a k = — — — — — — , k = 0, 1, . . . , m + 1. 

(a - 6 + 1)(6 - l) fc (6 - 1 + n)m+i-k 

Next, setting /3& = (™) we immediately obtain 

/ m\ f m \ 2/c + 1 — m /m+1 

h-f>™ = { k )-{ k + 1 )= m + i ^ + i 

Hence, an application of Abel's lemma yields (we use the fact that = /3 m +i = 0): 

fc=0 ^ ' k=0 

(6 - l)(b - 1 + y) J (a) fc+ i(a + /i) m „ fc 2fc + l-m/m + l\ (a + /z) m+ i 



(a -6 + 1) |^ (6- l)jfc +1 (6- l + //) m _ fe m + 1 \k + 1 J (b - 1 + 

_ (6 - 1)(6 - 1 + /i) J ^ (a)fc+i(a + A^m-fc 2fc + l-m. /m + 1 
(a -6 + 1) | fc ^ 1 (6-l) fe+ i(6-l + /i) m _ fe m + 1 Vfc + l 

_ (6- 1)(6- 1 + I A (a)j(a + /i) w _j /n\ . _ 
(a - 6 + l)n |^ (b - l)j(b - 1 + n) n -j \jj " ' 

where j = k + 1, n = m + 1. If a > 6 > 1 and < j < n — j we have 

(a)j(a + M)n-j (a)n-j(a + Ai)j 



(6 - l)j(6 - 1 + ^) n _j- (6 - l)„_j(6 - 1 + /x)j 

(a + /_i + j) • • • (a + yu + n- j - 1) (a + j) • • • (a + n - j - 1) 

t; : ^ t, : < 



1 + fi + j) ■ ■ ■ (6 + n + n - j - 2) (6 - 1 + j) • • • (b + n - j - 2) 
since x — ► (a + x)/(6 + x) is decreasing. Hence, 

A (a)j(a + /^)n-j / n\ r „ . _ , 
^(6-l)i(6-l + M)»-iW tJ j 



V- f (a)n-j(a + M)j (o)j(a + /x) n -j W » \ /_ 2< w n n 

Remark. With more effort one can show that (|10p remains valid ifa>6>l/2, but we will not 
use this fact in the present paper. 
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3. Main results. In this section we prove six general theorems for series in ratios of rising 
factorials and gamma functions. The power series expansions in this section are understood as 
formal, so that no questions of convergence are discussed. In applications the radii of convergence 
will usually be apparent. The results of this section are exemplified by concrete special functions 
in the subsequent section. The first two theorems deal with the class of series defined by 

Since 



fa,c(H + «! x)fa,c{V + P;x)- f a>c (fi\ x )fa,c(H + " + /3; x) 

= fa+^c+f,(a;x)f a+ ^ c+ ^(f3;x) - / a+At)C+At (0; x)/ a+ ^, c+ ^(a + /3; x), 

there is no loss of generality in considering the product difference ([2]) in the form 

oo 

<Pa,c{^ U 'i X ) := fa,c{^ x )fa,c( U 'i X ) ~ fa,c(°> x )fa,c{^ + V \ X ) = ^rnX™ '. (12) 

m=l 

Logarithmic concavity or convexity of [i \— > f a ,c{l^] x) depends on the interrelation between a and 
c. 

Theorem 1 Suppose c > a > and {f n }^=o is a nonnegative log-concave sequence without 
internal zeros. Then the function [i i-> / ajC (/i; x) is discrete Wright log-concave on [0, oo) for 
each fixed x > 0. Moreover, the family {fadfJ*', x )}^>o is discrete q-log- concave, i.e. the function 
x (fracifJ', v \ x ) has nonnegative power series coefficients for all v £ N and fi > v — 1 so that 
x — > (/) atC (fj,,iy;x) is absolutely monotonic and multiplicatively convex on (0,oo). 

Remark. It easy to see from the proof of the theorem that (j) m > for all m > 1 if f n > for all 
n > 0, c > a and fi > 0. 

Proof. If c = a the claim is obvious. Suppose c > a > 0. According to Lemmas [2] and [3] it is 
sufficient to consider the case v = 1. For a fixed integer m > 1 we have by the Cauchy product 
and Gauss summation: 

, _VV f ( {a + l)k{a + p)m-k (a) fc (q + /i + l) m _ fc \ ^ 

^ V(c + + rim-kk\(m - k)\ ^ (c) k (c l) m -kk\(m - k)\) ~ ^ /fc/m " fcMfc ' 

where M k = + N m _ k for /c < m/2 and = for A; = m/2. We aim to apply Lemma [6] to 
prove that 4> m > 0. First, we need to show that 

[m/2] m 

M k = Y,N k >0. (13) 

k=0 k=0 

Since, clearly, 

oo m 

x m ^iV fc = iiq(a + /i;c + //;x)iiq(a + l;c+ l;x) - iFi(a + ^ + l;c + /i + 1; x)iiq(a; c; x), 

m=l fc=0 
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we are in the position to apply formula §§§ from Lemma [7] which, after equating power series 
coefficients on both sides, yields: 



m+l 



(c-a) 



k=0 



c(c+l)(c + /i)(c + n + l) 



El 

fc=0 



(c + /i)(c + /j,+ l)(a+ l)k(a + fi+ l) m -k c(c + l)(a + l) fe (a + \x + 1) 



m—k 



(c + 2) fc (c + M + l) m -kkl(m - k)\ 



(c + l) fc (c + M + 2) m _ fc fc!(m - fc)! 



"a- 



[r»/2] 
fc=0 



f"k Tk—m)- 



Here the prime at the summation sign means that the term with k = m/2 (which only happens for 
even m) has multiplier 1/2. This last term is positive since (Z = m/2) 



(c + /i)(c + /i + 1) 
Ui > n O rf- > 



c(c + l) 



(c + 2),(c + /x + l)j (c+l),(c + / u + 2)z 



^ ( c + M )( c + M + z + i) ^ i 

c(c + Z + l) 



We claim that all other terms in the rightmost sum above are also positive by Lemma [5] with 
u = Uk, v = Um-k-, r = rfc, s = r m _k- To verify the assumptions of Lemma [5] we need to show that 
u k > Uk-m, u k > r k , u k > r m _ k and u k Uk- m > r k r k - m . We have 



U k > U k -rn 



T(a + l + x)T(c + n + l + x) 



> 



r(a + l + x)r(c+ u + l + x) 



x=k 



r(c + 2 + x)r(a + u + l + x) 



T(c + 2 + x)Y{a + u + 1 + x 
since the gamma quotient is decreasing by Lemma U] and k < m — k by assumption. Next 

Uk > rk <=> (c + fj,)(c + fj, + 1 + m - k) > c(c + 1 + k), 
which is true by fi > and k < m — k. The inequality Uk > r m _k reduces to 



x=m— k 



(c + n)(c + fx + k + l)T(a + 1 + x)T(c + u + 1 + x) 



c(c + k + l)r(a + u + 1 + x)T(c + 1 + x) 



> 



r(a + l + x)r(c+ u + l + x) 



x=k 



r(o + u + 1 + x)T(c + 1 + x) 



a;=m— A: 



which is true because the gamma quotient is decreasing by Lemma H] while (c + /x)(c + u + A; + 
l)/[c(c+ife+l)] > 1. Finally, 

UkUk-m > TkTk-m & (c + fi) 2 (c + fi + k + l)(c + fi + m - k + 1) > c 2 (c + k + l)(c + m - k + 1), 



which proves inequality (113]) . 

Next, we need to demonstrate that the sequence {-Mjfcjtn 2 ' changes sign not more than once. 
To this end introduce the following notation 



( (a + l) k (a + u) 



M k = k\(m- k)\M k 



m—k 



(a + l) m -fc(a + n)h 

(c+ l)jfe(c + u) m -k ' (c+ l) m -fc(c + /i) fc 



+ 



(o) fc (a + // + l) m -fc (a) m _fc(a + \i + l) fc 



(c) fc (c + )U+ l) m -k (c) m -fc(c + /i+ l)fc ' 



^m — k 



(a + l) m / 2 (a + ^) m /2 _ (a)m/2(Q + M + l)m/2 
> (c+l) m /2(c+M)m/2 (c) m / 2 {c + U + l) m / 2 : 



< m/2 
= m/2. 
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Suppose that < for some < k < m/2 then we will show that M^-i < 0. Indeed, M^-i can 
be written in the following form 

~ (c + k)(a + (i + m — k) ^ ^ (a + 1 + m — k){c + (i + k — 1) _ 

(a + k)(c + (i + m — k) (c + 1 + m — k){a + (i + k — 1) 
v v ' v * ' 

=h =h 

(c + k — l)(a + (i + 1 + m — k) _ (a + m — Ai)(c + /i + k) _ 
(a + k — l)(c + ^, + 1 + m — k) k (c + m — k)(a + (i + k) m k 

V v ' V v ' 

=h =h 

= h (u k + n m „ fc - r k - r m _ fe ) + (h - 1 3 ) (r k - u m ^ k ) + (I 2 - h ) («m-fc - r m _ k ) + (h +I 2 -I 3 - h)r m - k . 
The first term is negative since M k < 0. We will show that all other terms are also negative. The 

Q I j> 

function x h4 ^ _[_ x , /3 > a, is strictly decreasing on (0, oo) which leads to the following inequalities 

(c + fc)(ct + /x + m — k) (c + A; — l)(a + /x + 1 + m — k) 
1 3 {a + k){c + (i + m — k) (a + /c — l)(c + /U + 1 + m — k) ' 

(a + 1 + m - k)(c + (i + k - 1) (c + k - l)(a + /x + 1 + m - k) 
2 < 3 ^ (c + 1 + m - A;) (a + Ji + k - 1) < (a + k - l)(c + /x + 1 + m - k) ' 
^ ^ ^ ^ (a + m — k)(c + fi + k) ^ (a + I + m — k)(c + fi + k — 1) 
(c + m — k)(a + fi + k) (c + 1 + m — k)(a + (i + A; — 1) ' 

valid for < k < m/2 and /x > 0. Hence, I3 = max(Ji, J 2 , 13, -Z4). Further, > I\I 2 is equivalent 
to 

jj. , . (a + (jl + k - l)(c + /x + fc)(c + (i + m - A;) (a + /x + 1 + m - k) ^ ^ 

(c + /it + k — l)(a + /x + fc)(a + /i + m — k)(a + // + 1 + m — k) 
We will show that Hi((i) is increasing on (0, 00). Indeed, by straightforward calculation 

^ logOffi(M)) = (c - a)(F 2 (z 2 + 1) - F 2 (z 2 ) - {H 2 (zi + 1) - ff 2 (zi))), 

where < z± = k — I < z 2 = m — k and 



(a + /i + z)(c + n + z) 

is convex on [0, 00) implying H 2 (z 2 + 1) — H 2 (z 2 ) > H 2 {z\ + 1) — H 2 (zi). Thus we have proved that 
I3I4 > I\I 2 so that by Lemma [5] we get I\ + I 2 — I3 — I4 < 0. To demonstrate that M k _\ < it 
remains to show that u m - k > r m _ k and r k > u m - k . We have 

(a + l) m -fc(q + n)k (a)m- k (a + \i + l)fc (a + m - fc)c (a + ^ + fc)(c + /x) 
(c+ l) m _ fc (c + H) k (c) m _ fc (c + /x+ l) fc a(c + m-fc) (a + /x)(c + /i + fe) 

Since /u h-> |^ ^ ~J7~|~ ^ i s strictly decreasing on [0, 00) 

(a + fi + k)(c + fi) (a + k)c (a + m — k)c 
(a + (j){c + (jl + A;) a(c + /c) a(c + m — A;)' 

where the rightmost inequality clearly holds for < k < m/2. Finally, in order to show that 
r k > u m _ k it^suffices to prove that u k > r m _ k . Indeed, u rn ^ k > r k and the preceding inequality 
imply that M k > contradicting our hypothesis. The validity of u k > r m ^ k follows from 

~ ~ (a + l)fc(a + (j) m -k (a)m-k(a + M + 

m—k \C)m—k 

[C + (1+ l) k 
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cT(a + 1 + k)T(a + fi + m — k) (c + fi)T(c + 1 + k)T(c + fx + m-k) 
aT(a + m- k)T(a + \i + 1 + k) (a + fi)T(c + m - k)T(c + fi + 1 + k) ' 

It is easy to see that conditions of Lemma 0] are satisfied for the gamma ratio for all < k < m/2 
and fM > 0, while clearly c/a > (c + (j)/{a + y). □ 

Corollary 1 Suppose c > a > and the series in ([lip converges for all x > 0. TTien /or a// 
f G N and fx > v — 1 i/ie function y — > ^ ajC (/i,z^; 1/y) is completely monotonic and log-convex on 
[0, oo) and t/iere exists a nonnegative measure r supported on [0, oo) snc/i i/iai 

<j)a iC (fj,,V]x) = J e- t/x dr(t). 

[0,oo) 

Proof. According to |20[ Theorem 3] a convergent series of completely monotonic functions with 
nonnegative coefficients is again completely monotonic. This implies that y — > 4> a-c (fi,v;l/y) is 
completely monotonic, so that the above integral representation follows by Bernstein's theorem 
[29[ Theorem 1.4]. Log-convexity follows from complete monotonicity according to [241 Exersice 
2.1(6)]. □ 

Corollary 2 Under hypotheses and notation of Theorem [1\ and for all u G N, \i > v — 1 and 

x > 

fa,c(^ x )fa,c( u 'i x ) - /o,c(0| x)fa,c{p + V,x)> Ml^t^ °^ 2C 

c(c + /Uj (c + v) (c + /i + V) 

with equality only at x = if c — a, fi,u ^ 0. 

Proof. Indeed, the claimed inequality is just <f> a ,c{l J >i l ';x) > (p\x which is true by Theorem [TJ □ 

There is virtually no doubt that the discrete q- log-concavity demonstrated in Theorem [1] results 
from our method of proof so that the adjective "discrete" is redundant. In other words, we propose 
the following conjecture. 

Conjecture 1 The family {/(/U; x)} A1 >o is Wright q-log-concave for all c> a > 0. 

Next theorem handles the case a > c > 0. As it turns out frequently the log-convexity case is 
simpler. 

Theorem 2 Suppose a > c > 0, {f n }%Lo is any nonnegative sequence and the functions 
fa,c(t J ''j x ) an d 4>a,c(l J 'i l/ ; x) are defined by ([11]) and (fl~2[) . respectively. Then the function \x i-> 
fa,c(fJ-',x) is strictly log-convex on [0, oo) for each fixed x > 0. Moreover, the family {f a ,c{l^\ ^)}/i>o 
is Wright q-log-convex, i.e. the function x — > ()> a>c (fjL,v;x) has non-positive power series coefficients 
so that x — > —<fi ac (fj,,i/;x) is absolutely monotonic and multiplicatively convex on (0, oo). 

Proof. If a = c the claim is obvious. Suppose a > c > 0. Combining the Cauchy product with 
the Gauss summation as in the proof of Theorem [T] the problem reduces to the inequality 

[m/2] 

-*-=£5CT M <> ' < 14 > 



k\(m — k) 



where 



M _ (a)fc(a + M + v)m-k | (a)m-fc(a + V + v)k (a + n)k{a + v)m-k (a + n) m -k(a + v)k 

(c)fe(c+ H + V)m-k (c) m _fc(c + fJ, + v) k (c+ LL) k {c + v) m -k (c + fi)m-k(,C + v) k 
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for k < m/2 and 

M k = ( ;H Q + H + V \ m ~ k - <° + + V \ m - k for^m/2 

(c)fe(c + fi + V) m - k {c + H)k{C + lS)m-k 

(this term is missing for odd values of to). We will show that M k > for each = 1,2,..., m/2. 
We will need the following fact |17} Lemma 2 and Remark 7]: the function 

(x + ai)(x + a 2 ) a o v. n 

(x + ^i)(x + /3 2 ) 



is increasing on [0, oo) iff 



Mh > ft + ft > 1 



ai«2 Q<1 + ^2 

It follows that this function is bounded by 1 for all rc > since its value at infinity is 1. If any 
of the inequalities above is strict the function is strictly increasing. This implies that M k > if 
k = m/2 for 

(q)fc(a + n + v)k (c)fc(c + n + u) k 
{a + v)k{a + v) k (c + n)k{c + v) k ' 
Indeed, both sides of this inequality represent a product of the terms 

(x + i)(x + \i + v + i) 
(x + fj, + i)(x + v + i) 

Since (/i + (){y + i) > + v + i) for each nonnegative integer i, this function is increasing and its 
value at x = a is greater then its value at x = c < a. 

Further, we will show that Mk > for < k < m/2 using Lemma We have 

T(c + k)T(a + fj, + v + k) T(c + to — k)T(a + + v + m — k) 
r(a + k)T(c + pt + u + k) T(a + m — k)T(c + p, + v + m — k) 

by Lemma H] for a > c > and k < m — k; 

{c + v) k {a + H + V) k {c) m -k{a + H) m -k 

(a + i/) fc (c + /x + i/) fe (a) m _fc(c + ^) m _ fe 

because 

(c + * + 0(° + /* + * + > + + ^ + for j = ,i,... >fe -i, 
(a + v + i)(c + /x + v + i) (a + i)(c + fi + i) 

and < (c + i)(a + fi + i)/[(a + i)(c + /i + i)] < 1 for i = k, . . . , to, — fc — 1 by the fact above; Next, 
u > r by exactly the same argument with [/, and v interchanged; finally, 

(a) k (a + v + fjb) k {a) m ^ k {a + v + n) m -k (c) k (c + v + fi) k (c) m _ fc (c + v + n) m -k 
(a + v) k {a + fi) k {a + v) m _ k {a + V) m ~k (c + f)k(c + /z) fc (c + v) m _ k (c + /x) m _fc ' 

where the first multiplier on the left is bigger than the first multiplier on the right and the second 
multiplier on the left is bigger than the second multiplier on the right due to the increase of x — > 
(x + i)(x + u + /jL + i)/[(a + u + i)(a+/j 1 + i)] for each i > 0. Hence, by Lemma[5]Mfc = u+v — r — s > 0. 
□ 

The following two corollaries are similar to Corollaries [T] and [5J 
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T(c + n + fj,) n! 

n=0 



oo 



Corollary 3 Under hypotheses and notation of Theorem^ and for all /i, v, x > 

/o,c(0; x)f a c (n + u;x) - f a ,c{fi; x)f a>c (u; x) > Ml^t^l c){2c + ^ + v) 

c(c + /i)(c + z/)(c + /i + V) 

with equality only at x = «/ a — c, /i, i> ^ 0. 

Corollary 4 Suppose a > c > and i/ie series in (jlip converges for all x > 0. ITien /or a// 
v, fj, > the function y —> —<p a ^ c {^,v;\/y) is completely monotonic and log-convex on [0, oo) and 
there exists a nonnegative measure r supported on [0, oo) such that 

<M/W) = - / e' t/x dr(t). 

[Q,oo) 

The next two theorems deal with the class of series defined by 

^ r(a + n + /j)x n 

-> ffa,c {^X) = > g n — — ■ -— r (15) 

* — ' I I r. A- n. -\- ii. I n! 

and their product differences 

t/vGu, i/; x) = 5> a ,cO; x)g a>c (u; a?) - Sv(0; x)g a>c (n + v;x) = ^ j ip m x m . (16) 

m=0 

If we set o n = f n we get 

T(c + ^) 

where / ajC (/i;x) is defined by (fTTI) . It is then tempting to derive the properties of g afi {n;x) from 
Theorems [T] and [2] using Lemma [TJ However, when a > c the gamma ratio in front of fa^i^x) 
is log-concave while [i — > / a , c (/^; is log-convex, so that Lemma [T] cannot be applied. Similar 
situation holds for c> a. 

Theorem 3 Suppose c > a > 0, {g n }^ = o * s an U nonnegative sequence. Then the function ji — > 
ga,c{^\x) is Wright log-convex on [0, oo) for each fixed x > 0. Moreover, the family {g a ,c{l^\ x)}^>o 
is Wright q-log-convex, i.e. the function x — > ipa^i^, v\ x) has non-positive power series coefficients 
for all fj,,v > so that x — > —i^ atC (n,i';x) is absolutely monotonic and multiplicatively convex on 
(0,oo). 

Proof. Cauchy product and Gauss summation yield 

9k9m-k ( T(a + k)T(a + v + + m — k) T(a + v + k)T(a + fi + m — k)\ 
~ - k K m - k )- I r ( c + k)T(c + v + ii + m-k) ~ T{c + v + k)T{c + n + m-k)j 



[m/2] 

E dkdm-k *r 
k\(m-k)\ fe ' 



where 

^ r(a + fc)r(a + ^ + /i + m — A;)^ T(a + m — k)T{a + v + n + k) 
T(c + k)T(c A- v + + m — k) T(c + m — k)T{c + v + fi + k) 



r(a + i/ + fc)r(a + /i + m — k) T(a + v + m — k)T(a + /i + fc) 
r(c + z/ + /c)r(c + /i + m — k) r(c + v + m — /c)T(c + fi + k) 
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for k < m/2, and 

r(a + k)T(a + v + a + m — A;) r(a + i> + fe)T(a + /i + m - k) , . In 
T(c + k)T{c + v + fi + m-k) T(c + v + k)T(c + fi + m - k) ' 

(this term is missing for odd values of m). We aim to demonstrate that Mf. > using Lemma 
We have 

F(a + k)T(c +u + ii + k) T(a + m - k)(c + v + a + m - k) 



T(c + k)T(a + u + n + k) T(c + m- k)T(a + v + fi + m-k)' 

In view of k < m — k, the last inequality holds by Lemma H] with ot\ = c + v + fi, ct2 = a, 
f3\ = max(c, a + v + \i) P2 = min(c, a + v + fi), x\ = k, X2 = m — k. Next, 

T(a + k)T(a + u + fi + m-k) T(c + k)(c + v + fi + m - k) 
r(a + v + fc)r(a + M + m - k) F(c + u + fe)(c + /i + m - k) 

Setting a.\ = v + fi + m — k,a2 = k, j3\ = max(zv + k, fi + m — k), fa = min(^ + k, fi + m — k), x\ = a 
and X2 = c we get the last inequality by Lemma |4] again. In a similar fashion one can demonstrate 
that u > s. Finally, uv > rs by multiplication of the following two inequalities 

r(o + k)F(a + v + /i + k) r(c + fe)r(c + 1/ + /U + fe) 

r(o + f + fe)r(a + /i + fe) > T(c + u + k)T(c + fi + k) 

and 

r(a + m — fc)r(a + ^ + /i + m — fc) T(c + m — k)T{c + v + /.z + m — k) 

r(a + ^z, + m — fc)r(a + v + m — fc) T(c + fi + m — k)T(c + v + m — k)' 

each of them holds by Lemma [H □ 

Again we have two corollaries similar to Corollaries Q] and [2j 

Corollary 5 Under hypotheses and notation of Theorem^ and for all fi,v,x > 

2 \ T(a)T(a + fi + u) T(a + i/)r(a + fi) 
9a, c (0; x)g ajC (fi + v;x)- g a ,cW x )9a,c{ u: > x )^% 



T{c)T{c + fi + v) T{c + v)T{c + fi) 
with equality only at x = if c — a, fi,u 7^ 0. 

Corollary 6 Suppose a > c > and i/ie series in (115p converges for all x > 0. ITien /or a// 
z/, /i > i/ie function y — > —ip aiC (fi,u;l/y) is completely monotonic and log-convex on [0, 00) and 
t/iere exists a nonnegative measure r supported on [0, 00) sitc/i i/iaz; 

ip a ,c(lJ.,v,x) = - J e~ t/x dT(t). 

[0,00) 

Next, we can combine Theorem [1] and Theorem [3] to get 

Corollary 7 Under hypotheses and notation of Theorem^ 

{c + fl) u {a) v < fa,c(0\x)fa, c {fi + u;x) < 

(a + )tt) I/ (c) l/ ~ f a!C (v;x)f a)C (fi;x) 
for all v 6 N, // > and x > 0. 
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Proof. The estimate from above is a restatement of (j) ac (fj,,u;x) > valid by Theorem [TJ To 
demonstrate the estimate from below set in Theorem [3] 

r(a + /x) 



9a,c(^ X ) 



r(c + M ) 



In view of (a)& = T(a + k)/T(a) the required inequality is a restatement of il) a ^ c (n, v\ x) < 0. □ 

Further, combining Corollary [2] with Corollary [7] we obtain the following two-sided bounds for 
the Turanian: 

2xf f l v 2 (c- a) 



< fa,c{v, X) - / a ,c(0; x)f a ,c{2y, x) < 



(a + v) v {c\ 



fa,c{^ X ) ■ ( 17 ) 



c(c + zv)(c + 2>y) ."w?»v ./(/.( (c) I ,(a + i') 1 , 

This holds for 1/ G N, c > a > 0, x > and a log-concave sequence {f n }n>o without internal zeros. 
Indeed setting /u = v in Corollary [2] we get the lower bound, while setting /i = v in Corollary [7] 
multiplying throughout by f a ,c(v, x) 2 and subtracting the same expression we get the upper bound. 
Remark. Theorems [2] and [3] are independent in the sense that 

Theorem 4 Suppose either (a) c+1 > a > c > and {g n }^o ^ s an arbitrary nonnegative 
sequence or (b) a > c + 1 > 1 and {g n }^ =0 is a nonnegative log-concave sequence without internal 
zeros. Then /i i-» g a ,c{^ x) is discrete Wright log-concave on [0, 00) /or eac/i /ixed x > 0. Moreover, 
the family {g atC (p; x)}^>q is discrete q-log- concave, i.e. the function x — > ipa^lp^ix) has nonneg- 
ative power series coefficients for all v G N and ii~>v — \ so that x — > r il) a ^{p,,v;x) is absolutely 
monotonic and multiplicatively convex on (0, 00). 



Proof. According to Lemmas [2] and [3] it is sufficient to consider the case v 
integer m > 1 we have by the Cauchy product and Gauss summation: 



1. For a fixed 



E 



9k9m—k 



kUm — k)\ 

k=0 v 1 

T(a)T(a + n) 



T(a + l)(a + l)fcr(a + fi)(a + fJ,) m -k T(a)(a)kT(a + fi + l)(a + ^ + l) m -k 



r(c+l)(c+l) fc r(c + ^)(c + ^) 



9k9n 



r(c)r(c + /i) £^fc!(m-A;)! 



a(a + l) k (a + /i), 



,.„_/, T(c){c) k T(c + /i + l)(c + \i + l) m -k 
(a)fc(a + //)(a + // + l) m -k 



c(c+ l)fc(c + /i) m _fc 

r(a)r(a + //) ^ 9k9m~k (a) fc (a + /i) m _ fc 



T(c)r(c + /i) ^ fc!(m - A;)! (c) fc (c + (J,) m -k 



(c) fc (c + /i)(c + + 
(a + A;) (a + /i + m — A;) 



r(a)r(a + /i) 9k9m-k 



E 



(c + A;) (c + /i + m — A;) 
(a)* (a + /i) m _jfc (0 - c) (m - 2A; + fi) 



r( C )r(c + /i) ^A;!(m 

(a — c)r(a)r(a + /i) 
r(c + l)r(c + ^ + l)m! (c + l) fc (c + 1 + M)m-i 



E 



fe)! (c)fc(c + /u) m _ fc (c + k)(c + /i + m 

9k9m—k 

(a)fc(a + n) m ~k ( m 



k 



[m 



k) 
2k + fi) 



(a — c)r(o)r(a + (j,) 
T(c+ l)T(c + fi + l)m! 



[m/2] 

^ 9k9m-k 



k=0 



M k , 



where 



M fc 



(a)fc(a + //) m _fc 
(c+ l) fc (c + l + /x) m _ fc 



(m — 2/c + /i) 



(a)m-fc(a + n)k 
(c+ l) m _ fc (c+ 1 + 



[m 



2k -y). 



for A; < m/2 and 



(q)fc(a + /x) m -fc^ 
(c + l)fc(c + 1 + / u) m _ fc 
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for k = to/2. Lemma [5] shows that 

e (:h>° 

0<fc<m/2 v y 

for all a > c > 0. Moreover, the proof of the lemma for the case c+l = 6>a>0 implies that 
M k > for all k = 0, 2, ... , [to/2]. This proves the first part of the theorem. In order to prove 
the second part pertaining to a > c + 1 we will apply Lemma [6l Setting A k = (™) M k it is left to 
demonstrate that that sequence Mq,M\, . . . ,Mr m M changes sign no more than once. Indeed for 
k = to — k it is clear that M k > 0. If k < to — k then 

(a + a + k) ■ ■ ■ (a + a + m — k — 1) (a + k) ■ ■ ■ (a + m — k — 1) 

V k < V m _ k . K — f ; , \ ; ; ^- < 



(c + 1 + n + k) • • • (c + 1 + fx + m - k-) (c + 1 + k) ■ ■ ■ (c + 1 + to - k - 1) 

since x — > (a + x) /(c + 1 + x) is decreasing. Assume that M k < for some k. We will demonstrate 
that M fe _i < 0. We have 

M fc _i = V k R(n){m -2k + ^ + 2)- V m - k S(fi){m - 2k - fi + 2), 

where 

(a + 5 + to - fc)(c + fc) (c + 5 + k)(a + m - k) 



(c + 1 + 5 + to - fc)(a + k - 1) (a - 1 + 5 + fc)(e+ 1 + to - A;) ' 

It follows from -R(O) = 5(0) and V k < V m -k that 

V k R(0){m -2k + ^ + 2)- V m ^ k S(0){m - 2k - n + 2) = R(0)(M k + 2(V k - V m - k )) < 0. 

Next, R(8) is decreasing, while 5(5) is increasing on (0, oo) because a > c+ 1, and m — 2k — fi > 
because < so that 

M fc _! = F fe i?(//)(m - 2k + //) - F m _ fc 5(/i)(TO - 2k - n) + 2(V k R(fi) - V m - k S(fJ,)) 

< R(0)(M k + 2(V k - V m ^ k )) < 0. □ 
Again we have the following corollaries. 

Corollary 8 Suppose v £ N and /i > v — 1. Under hypotheses of Theorem t/ie function 
V ipacifJ'i v\ 1/y) *s completely monotonic and log-convex on [0, oo) and i/iere exists a nonnegative 
measure r supported on [0, oo) suc/i £/ia£ 

ip a>c (n,v;x) = J e~ t/x dT(t). 

[0,DO) 

Corollary 9 Under hypotheses and notation of Theorem^ and for all v 6N, > t/ — 1, x > 

T(a + ^)r(a + / u) r(a)r(a + // + i/) ' 



5a, c (M; x)g a , c {v; x) - g a , c (0; x)g ajC (fi + i/; x) >^ 
OTi/i equality only at x = if a — c, fj,,v 0. 



T(c + v)T(c + n) r(c)r(c + /i + i/) 



Corollary 10 Under hypotheses and notation of Theorem^ 

(q + //)„(c)„ < g a , c (0;x)g a , c (n + ^;x) < 
(c + //)„(a) (/i;x) 

/or aZZ G N, > and x > 0. 
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Combining corollaries 191 and 1 101 we obtain the following two-sided bounds for the Turanian: 



r(c) 2 



a)l (a 



2u 



(c)2 (c) 2v 



< goM x ? - 9aM x)g a , c {2v ] x) < {C + U) jf ^ vUc)v g a , c (y; xf. 

\d)i/(C + ~U) V 



(18) 

The bounds are valid for v 6 N, a > c > and assuming that {g n } n >o is a nonnegative sequence 
which is also log-concave and without internal zeros if a > c + 1. 

There is virtually no doubt that the discrete Wright log-concavity demonstrated in Theorem [3] 
results from our method of proof so that the adjective "discrete" is redundant. In other words, we 
propose the following conjecture. 

Conjecture 2 The family {g a ,c{^'i ^) j>>o *s Wright q-log-concave for all a > c > 0. 

The next theorem deals with the class of series defined by 

j / s V^, (a+jj)nX n 

V -> h atC {n;x) = I^Ktti—. : — r— r (19) 

' Tic + u + n) n\ 

n=0 

and their product differences 

oo 

A , c (m, f ; ^) = Vc(^; x)h a! c(u; x) - h a , c {Q; x)h a>c {v + fi;x) = ^ A m x m . (20) 

Here we have discrete ^-logarithmic concavity for all nonnegative values of a and c. 

Theorem 5 Suppose either (a)c+l>a>c>0 and {/in}^o * s an arbitrary nonnegative 
sequence or (b) c> 0, a £ (0, c) U (c + 1, oo) and {h n }^ =0 is a nonnegative log-concave sequence 
without internal zeros. Then [i i— >• h a ^ c (p;x) is discrete Wright log-concave on [0, oo) for each fixed 
x > 0. Moreover, the family {h a> c{fJ>l aO}/x>o is discrete q-log-concave, i.e. x — > \ a)C (fj,,u;x) has 
nonnegative power series coefficients for y e N, /i > f - 1 so that x — > A a . c ( / u, v\ x) is absolutely 
monotonic and multiplicatively convex on (0, oo). 

Proof. Suppose a > c > 0. We have 

K, c (n;x) = —— — rg ajC (/j,;x), 
T(a + /I) 

where g a ,c{li] x) is defined in f)15|) and g n = h n . The claims of the theorem for a > c > then follow 
from Theorem [J] and Lemma [TJ 
If c > a > write 

h a ,c(n;x) = + ^ f a ,c(n;x), 

where f a ,c{^'-, x) is defined in (fTT]) and f n = h n . The claims of the theorem for c > a > then follow 
from Theorem [JJ and Lemma [TJ □ 

Corollary 11 Under hypotheses of Theorem^ and assuming the series in (|19|) converges for 
all x > the function y — > \ a ,c(n, v\ 1/y) is completely monotonic and log-convex on [0, oo) for all 
v € N and fi > v — 1 so i/iai i/iere exists a nonnegative measure r supported on [0, oo) suc/i i/iai 



A a , c Gu, i/; a) = J e t/x dr{t). 

[0,oo) 
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Corollary 12 Under hypotheses of Theorem^ and for all v € N, p > v — 1 and x > 

h a , c (w x)h a . c (u; x) - h ac (0; x)h ac (p + u;x) > J l °^ C+ ^ u 

T(c + iy)T(c + p + u) 

with equality only at x = if p,u ^ 0. 

Finally, we consider the the class of series defined by 

r(a + p + n) x n 

p -» qa,c{^ x ) = z^ qn i i s r ' 21 ) 

„ =0 ^ c + ^ n n - 

and their product differences 

oo 

Pa,cO, ^ a;) = <?a, c (M; x)q afi {v; x) - g ajC (0; x)q a , c (v + fj,;x) = ^ p m x m . (22) 

m=0 

Here we have g-logarithmic convexity for all nonnegative values of a and c. 

Theorem 6 Suppose a, c > 0, {(7n}^Lo * s nonnegative sequence and the functions q a ,c(f J 't x ) 
and p ac (p,is;x) are defined by (|2ip and (I22p . respectively. Then the function p i— > q a ,c(p,x) is 
strictly log-convex on [0, oo) /or eac/i /ixed x > 0. Moreover, the family {q a ,c(p', x)}>>0 *s Wright 
q-log- concave, i.e. the function x — > p a:C (p,u;x) has non-positive power series coefficients for all 
p, v > so that the function x — > —p a ,c(p, v\ x) is absolutely monotonic and multiplicatively convex 
on (0, oo). 

Proof. Suppose a > c > 0. We have 

q a ,c(p; x ) = r ( a + M)/o,c(a*; x), 

where / a , c (At; x ) is defined in (fTT]) and f n = q n . The claims of the theorem for a > c > then follow 
from Theorem [2] and Lemma [TJ 
If c > a > write 

<7a,c(/u; s) = T(c + p)g a)C (p; x), 

where g a ^ c (p; x) is defined in (|15p and g n = g n . The claims of the theorem for c > a > then follow 
from Theorem [3] and Lemma [TJ □ 

Corollary 13 Under hypotheses of Theorem^ and for all x > 

<?a,c(0; x)q a , c (p + v,x)- q a ,c{p] x)q a>c (i>; x) > q% {r(a)r(a + p + v) - T(a + /u)T(a + z^)} 
with equality only at x = if p,v ^ 0. 

Corollary 14 Under hypotheses of Theorem [6] and assuming the series in (|21h converges for 
all x > t/ie function y — > —p a>c (p,v;l/y) is completely monotonic and log-convex on [0, oo) /or 
p,v > and there exists a nonnegative measure r supported on [0, oo) suc/i i/iai 

p atC (p,v;x) = - J e~ t/x dT(t). 

[0,oo) 
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Corollary 15 Under hypotheses and notation of Theorem^ 

(a)u(c)u < /ig, c (0;x)/ta,cO + v,x) < 
(a + n) v (c + n) v ~ h a; c(^;x)h aiC (jj,;x) ~ 

for v G N, x,n > 0. 

Combining corollaries [12] and [15] we obtain the following two-sided bounds for the Turanian: 
hj[{c + u) v -(c) v ] < 2 _ < / _ {a) v (c) u \ 2 _ 

r(c + z/)r( c + 2z^) - a,cv ' ; , v ; , v V (a + 1/^(0 + ^7 

The bounds are valid for v € N, a, c > and assuming that {/i ra }n>o is a nonnegative sequence 
which is also log-concave and without internal zeros if a £ (0, c) U (c + 1, 00). 



4. Applications and relation to other work. In this section we will demonstrate how The- 
orems Q] to [6] and their corollaries lead to various new inequalities for the Kummer, Gauss and 
generalized hyper geometric functions and their ratios and logarithmic derivatives. 

Example 1. The first very natural candidate to apply the theory presented in the previous 
section is the Kummer function \Fi{a;c;x). Indeed, setting 

r(tt + ) 

f a ,c{^ x ) = l F l( a + M c + M x ), 9a,c{^x) = — — ■ — HFi(o + /i;c + /i;x), 

h a ,c(fJ,;x) = —— — -iFi(a + n;c + n;x) and q a ,c{^ x ) = r ( a + n)i F i( a + M! c + x ) 
r(c + yu) 

we obtain examples of functions defined by (fTT]h (fT5|) . (JT9J) and (f2T]h respectively, and satisfying 
the corresponding theorems and corollaries. These facts extend and refine some previous results 
due to Baricz [3] Theorem 2] and the second author [15] . In particular, we obtain the following 
bounds for the Turanian: 

/ ' f C Ob 1 C Qi 

/ \ < iF 1 (a + l;c+l;x) 2 - 1 F 1 {a;c;x) 1 F 1 (a + 2;c + 2;x) < - - - 1 F 1 {a + 1; c+ 1; x) 2 (24) 

(c) 3 c(a + 1) 

if c > a > and 

o — c a „ . . 9 a + 1 „ , * 1 , a — c „ , n9 



< -iF^a + 1; c + 1; xf -~i F i(a; c; x) x Fi(a + 2; c + 2; x) < — — iFi(a + 1; c + 1; x) 

c(c + 1) c c + 1 c(c+lj 

(25) 

if a > c > 0. Simple rearrangements of the righthand side of (|24l) and the lefthand side of (|25h give 



a na + 1 < 0, c > a > 0, 

-iF^a + ljc+ljx) 2 -iFi(a;c;x)iF 1 (a + 2;c + 2;x) ^ (26) 

c c+1 [>0, a>c>0. 

Substituting the contiguous relation 

( c -l X](x — c) c(c+l) 

iF 1 (a + 2;c + 2;x) = v . \, L xF x [a + 1; c + 1; x) + v 1 / iFi(a;c;i) (27) 

(a + l)x (a + l)x 



< 0, c > a > 0, 
> 0, a > c> 0. 



into (|26j) we get after some algebra: 

xy 2 + (c — x)y — a 
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where 

_ \F{(a;c;x) _ a±Fi(a + 1; c + 1; x 



lF\{a; c;x) c\F\(a; c; x) 

In a similar fashion writing (|26|) with a — >■ a + 1, c — > c + 1 we obtain: 

o + l , ,o a + 2 , , . f<0, c>a>0, 

-—xF^a + 2; c + 2; x 2 -i^ a + 1; c + 1; x i^i (a + 3; c + 3; x { 

c + 1 c + 2 0, a > c> 0. 

Using contiguous relation (f2"7|) twice this leads to 

s 2 , x 2 f>0, c>a>0, 

(ax + c)y — a(x — c + l)y — a < 

[<0, a > c> 0. 

Solving the two quadratics we obtain 



c + 1 + yj(x — c + l) 2 + 4ax + 4c ^ \F{(a; c; x) ^ x — c + y(x — c) 2 + 4ax 



2x + 2c/a iFi(a;c;x) 2x 

if c > a > and 



x — c + -v/(x — c) 2 + 4ax \F{{a\ c;x) ^ x — c + 1 + y^(x — c + l) 2 + 4ax + 4c 
2x ~~ iFi(a;c;x) ~~ 2x + 2c/a 

if a > c > 0. Note that for a = c both bounds reduce to 1. It is also easy to check that both 
bounds give correct value 1 at x = oo and correct value a/c at x = 0. Moreover, the upper bound 
in the first inequality has a correct term of order 0(1/ x) around infinity, while the lower bound 
has a correct term of order O(x) around zero. Note that similar but different bounds have been 
obtained in our recent paper [14J. 

Integrating these bound from to x we obtain 

B\(x) < iFi(a;c;x) < B 2 (x) if c > a > 0; B 2 (x) < i_Fi(a;c;x) < B\(x) if a > c > 0, 
where (we set b = (a + l)(a — c) for brevity) 

(2 + 2ay b / a c ( - a2 ~ b ^ a (l + 2a - c + x + y/(x - c + l) 2 + 4ax + 4c) ^ +b ^ 2a 



Bi(x) 



(c 2 (a + 1) + a - c + (a 2 + b)x + (a 2 - b)y/(x - c + l) 2 + 4ax + 4c 



(a 2 -6)/2a 



x cxp 



c - 1 + yj(x - c + l) 2 + 4ax + 4c 



„ . N (4ac) c/2 (2a + JTx - c) 2 + 4ax + x - c) a_c/2 f JTx - c) 2 + 4ax + x - c 1 

Boix) = —, — -. - — , — exp < — > 

(2a) a (2ax/c + J(x - c) 2 + 4ax - (x - c)) c / 2 \ 2 J 

All the above bounds can be easily extended to x < using the Kummer identity iFi(a;c;x) = 
e x iF\(c — a; c; — x). 

Example 2. The ratio 

2 -Fi(a + l,b;c+ l;x) 

T\X) I — 

2 -Fi(a, 6;c;x) 

was first developed into continued fraction by Euler. Later, Gauss found a different continued 
fraction which became more popular than the original fraction of Euler, see [21 paragraph 2.5] 
for details and references. Here we will derive bounds for this ratio under some restrictions on 
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parameters which are related in some way (see below) to the continued fraction of Euler. According 
to [H formula (2.5.3)] 

a + 1 „/ , v c+(a — b + l)x „, . c „. , . , „ 

— T2 F 1 (a + 2,b;c+2;x) = K _ fa - ^ 2 Fi (a + 1, 6; c + 1; x) - + (a, 6; c; x). (28) 

Further, setting g n = (b) n in (fT5j) we get 

. . T(a + u) _ , , . 

9a,c{^x) = —, — ■ — - 2 Fi(a + fi,b;c + /i;x). 

r(c + //) 

Then it follows from Corollary [5] (with /j, = v = 1 and using go > 0) that 

-( 2 Fi(a+l,b;c+l;x)) 2 <^^ 2 F 1 (a,b;c;x) 2 F 1 (a + 2,b;c+2;x), < x < 1, (29) 
c c + 1 

if c > a > 0. Substituting (128p here we obtain 

-( 2 iq(a + 1, 6; c + 1; x)) 2 < ^-b+l)x 2 ! C; x)2Fl( ° + 1} 6; C + 1; x) ~ \ c -b+l)x 

or, after division by (2-^1(0, 6; c; x)) 2 , 

a , , 2 c+(a-6+l)x c 

~ t HTn r x + 7 r~rT" - 

c (c — o + ljx (c — o+l)x 

Solving this quadratic inequality for c — b+1 < and c — 6 + 1 > we arrive at 



. . c + (a - b + l)x - J(c +(a-b + l)x) 2 - 4a(c - b + l)x ., . , 

2(a/c)(c — b + l)x 

. . c + (a - b + l)x - J{c +{a-b + l)x) 2 - 4a(c - b + l)x ., , , 

2(a/c)(c — + l)x 

Note that for c = 6 + 1 both inequalities turn into correct equality r(x) = c/(c— (c — a)x). It is also 
easy to verify that r(0) = 1 coincides with the value of the bound at x = 0. Using rather standard 
techniques the expression on the right of the two formulas above can be developed into continued 
fraction: 

c+ (a — b + l)x — \JJc + (a — b + l)x) 2 — 4a(c — b + l)x c 00 a(b — c — l)x 

K 



2(a/c)(c — 6 + l)x a(6 — c — l)x n=o c + (a — 6 + l)x 

which is interesting to compare with the continued fraction of Euler: 

c 00 (a + n)(b — c — n)x 
r(x) = — — K 



a(b — c)x n=o c + n + (a — b + n + l)x 
Here, we employed the usual notation 

g On a 



n=o b n a\ 
b + 



h + • • • 

If the last fraction for r(x) is made 1-periodic starting from n = 0, 

c 00 a(6 — c)x c + (a — b + l)x — -y/(c + (a — 6 + l)x) 2 — 4a(c — 6)s 



a(b — c)x n=o c + (a — b + l)x 2(a/c)(c — b)x 
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we get an approximation which, by numerical tests, underestimates r(x) and is less precise then our 
bound above. We can obtain a sequence of improving approximations to r(x) by continued fractions 

which are 1-periodic starting from n = N, N = 1,2, Each approximation in this sequence is a 

rational function of x and square root of some quadratic of x and is easily computable. 

We note the the above bounds can be extended to negative values of the argument by an 
application of Pfaff 's transformation [21 formula (2.2.6)] 

2 Fi(a,b;c;x) = (1 - x) _a 2 i ? i(a, c - b;c;x/(x - 1)). 

Example 3. The application of Theorems Q] to [6] to generalized hyper geometric function is 
largely based on the following lemma. 

Lemma 9 Denote by e^(xx, . . . ,x q ) the k-th elementary symmetric polynomial, 

e o(^l > ■ ■ ■ > Hq) = 1) EfcO^lj • • • )%q) = ^ •Ejl'^jl ' ' ' ■Ejk ' k ~> \. 

I<il<j2--<jfe<<? 

Suppose q > 1 and < r < q are integers, a, > 0, i = 1, . . . , q — r, b{ > 0, i = 1, . . . , q, and 

e q (h,...,b q ) e g _i &g) e r+1 (h, . . . ,b q ) 

< — 7 — r< - < — -, < e r {bi,. . . ,b q ). (30) 



e (? _ r (ai, . . . (oi,... ,a q - r ) ei(ai, 

Then the sequence of hypergeometric terms {if r = q the numerator is 1), 

, _ (ai)n • • • {a-q-r)n 
(bl)n ■ ■ ■ (bq)n 

is log-concave, i.e. / n -i/n+i < /„, n = 1,2, . . . It is strictly log-concave unless r = and ai = bi, 
i = l,...,q. 

The proof of this lemma for r = follows from [101 Theorem 4.4]. For general r see |17^ Lemma 2] 
and the last paragraph of that paper. 

We note that it has been demonstrated in |16j, Lemma 2] that (130P is true for r = if majorization 
conditions 

k k 
^&i<^a« for k = 1,2, . . . ,q, 

i=l i=l 

hold, where 

< ai < a 2 < ■ ■ ■ < a q , < bi < b 2 < ■ ■ ■ < b q . 

Consider the following functions (p, q > 1): 

/a,c(^.; x) = p F q (a + fi,a 2 , . . . ,a p ;c + jj,,c 2 , . . . , c q ;x), 

T(a + (jl) . 
flVW x) = —, — ■ — r p F q (a + p,, a 2 , - - - , a p ; c + fj,, c 2 , . . . , c q ;x), 

r(c + yUJ 

K,c(M x) = — — j- ^y F q(a + V, «2, • • • , a p ; c + fj,, c 2 , . . . , c q ; x) 

and 

<7a,c(W X ) = r ( a + V)p F q{ a + A 4 , a 2, • • • , a p ] C + fl, C 2 , . . . , Cq, x). 

Assuming all parameters are positive these functions satisfy Theorems [21 [31 E^a) , [5^a) , [6] and their 
corollaries without any further restrictions. If, in addition, p < q and the vectors (a 2 ,...,a p ) 
and (6 2 ,...,6 g ) satisfy Lemma [9] with r = q — p then f a ,c{n',x), g a;C (fj,;x) and h a>c (n;x) satisfy 
Theorems (HE^b) and[5^b), respectively. These facts imply a number of presumably new inequalities 
for the generalized hypergeometric function. In particular, if v £ N, x > and under conditions 
(f30|) the function f a ^ c (fj,;x) defined above satisfies (fTT[) for c > a > 0, g a>c (fj,;x) satisfies (fT8|) for 
a > c > and h a , c {,l^\ x) satisfies ([23]) for all a, c > 0. 
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